Spatial domain Green's functions for multilayer, planar geometries are cast into closed forms with two-level approximation of the spectral domain representation of the Green's functions. This approach is very robust and much faster compared to the original one-level approximation.
I. Introduction
In the application of the spatial domain MOM to the solution of mixed-potential integral equation (MPIE), one needs to calculate the Green's functions of the vector and scalar potentials in the spatial domain where they are represented as oscillatory integrals, called Sommerfeld integrals. The evaluation of these integrals are quite time consuming, therefore the matrix-f2l time would be significantly improved if these integrals can be evaluated efficiently. Recently, a technique was proposed to approximate these integrals analytically for a horizontal electric dipole over a thick substrate backed by a ground plane, and called closed-form Green's functions [l] . This technique was improved first for two layer geometries with arbitrary thicknesses [2] , then for multilayer geometries with sources of HED, HMD, VED and VMD [3] . However, a question remains to be answered on the robustness and the efficiency of the technique, because some of the Green's functions are usually difficult to approximate and it is recommended that the function to be approximated needs to be examined in advance. The difficulties in this technique are originated by the approximation of the spectral domain Green's functions in terms of complex exponentials. Because of these difficulties, the technique of getting the closed-form Green's functions and subsequently using them in the MOM applications are considered to be not robust and could not be used much for the development of a general purpose electromagnetic software. In this paper, a new approach based on a twolevel approximation is proposed to overcome these difficulties, a d demonstrated that it is very robust and computationally efficient.
two-level approach for approximating the spectral domain Green's function
To alleviate the necessity of investigating the spectral domain Green's functions in advance and the difficulties caused by the trade-of€ between the sampling range To Supported in part by NATO's Scientific Affairs Division in the framework of the Science for Stability Programme 07803271%5/95/54.W 0 1995 IEEE and the sampling period, the approximation is performed in two levels. The first part of the approximation is performed along the path Capl while the second part is done along the path Cap2, as shown in Fig. 1 , where the parametric equations describing the paths Capl and Cap, for the first and second parts of the approximation, respectively are given by where t is the running variable and sampled uniformly on the corresponding range. The use of the two-level approach can be explained by giving the following procedure:
Choose T02 such that kPmalz 2 k, where km is the maximum value of the wavenumber involved in the geometry: For example, assume that GaAs is a material with a highest dielectric constant (c,(GaAs) = 12.5) among possible substrate materials, then km = m k o , and T02 = 5 is chosen.
Choose Tal 
Subtract the approximating function f(kz,) from the original function G/j2k,,:
The remaining function will be non-zero over a s m d range of k, (E [O, k,homDrz]) so that one can pick up the fine features of this funtion without employing a huge number of sampling points.
Sample the remaining function along the path Capz: Since the maximum range for the sampling (kPmarz) is rather small, compared to that of the one-level approximation scheme, the frequency of sampling can be made quite high without substantially increasing the number of samples. For all practical purposes (including the worst case situation) the choice of 200 as the number of samples would be more than enough to get a good approximation.
where ban and Pan are the coefficients and exponents of the exponentials of t obtained from the application of the GPOF method, and uzn and azn are the coefficients and the exponents of the exponentials of kZi. The number of exponentials Nz in this part of the approximation is chosen again by the number of significant singular values.
The two approximation techniques are applied to &iz/jkx for a geometry of four layers at 30 GHz (1st layer-PEC; 2nd layer-~,2=12.5, d2=0.03 cm; 3rd layerer3=2.1, d3=0.07 cm; 4th layer-free-space, and the source and observation planes are chosen at the interface of second and third layers) and compared for the CPU time on SPARCstation 10/41, using the same number of total exponentials (=13) for different approximation parameters, and presented in a table format below: following the two-level approach (Apprx.) and evaluating the Sommerfeld integrals numerically (Exact), and given in Fig. 3 . This test shows that the same set of approximation parameters can be used for any Green's function, that is, there is no need for an advance investigation of the Green's function and no need for any trial steps. The assessment of the robustness of the proposed approach also requires to study the sensitivity of the approximation parameters on the geometrical constants and the frequency. Therefore, the Green's functions for the vector and the scalar potentials are obtained in closed forms for the same geometrical constants and the same approximation parameters used above, but the frequency of operation is changed to 10 GHz, which is equivalent, in effect, to the change of the geometrical constants. It is observed that the agreements between the exact and approximate sets of data are still perfect and hence it is safe to conclude that the two-level approach proposed in this paper is very robust.
kp -plane 
